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The theoretical specification of stiffened
conoidal shell roof with pointioad

A review of literature reveals that shell structures are applicable in many
fields of mechanical engineering have been studied by many researchers.
Conoidal shells which are very popular as civil engineering roofing units have
not received due attention. Conoidal shell configurations are aesthetically
appealing, structurally stiff, and they may be used for covering large column
free spaces. The greatest advantage of conoids from the construction point
is that they are easy to cast as the surfaces are ruled. These shells provide
uniform lighting to the covered area, and are more suitable when greater rise
is needed at one end. Naturally, these forms received importance from the

engineers and research on conoidal shells dates back to seventh decade of

owaun the twentieth century. Static characteristics of a stiffened conoidal shell have
dapxaH been studied in this paper. For static analysis of stiffened conoidal shell roofs

different shell actions such as deflection, force and moment resultants have

acnupaHT genaprtamMmeHTa been Computed
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HCMAWT TAXA ®APXAH, UMOMHA3APOB T.C. }
TEOPETHYECKAS CIIETU®UKALIAA )KXECTKOH KOHOUIAJIbHOH KPBIIIKU

CO COCPENIOTOYEHHOM HATPY3KOH

0630p umepamypei noxasvigaen, 4mo 000N0UKYU NPUMEHSIOMCS 80 MHOZUX 00NACAX MAUUHOCTIPOe-
Hus. Konoudanshuie 060n0uKu, Komopsle 04eHs NONYNAPHLI 8 APXUMEKMYPE, He NONYHUNU Q0NHCHO-
20 BHUMAHUS 8 HAY4HbIX uccaedosanusx. KonoudansHoie 06010uKU S6SHOMCA BbIPAUMENHBIMU,
CIMPYKIMYPHO HECIMKUMU U MOZYM NPUMEHAMBCA ONA NOKPBIMUS OON6UIUX NPOCPAHCINS 0€3 KOLOHH.
Kax nuneiiuamole 06ono4ku, ux 6e3 0cobix mpyoHocme Moo monmuposams. Onu obecneuugarom
DasHoOMepHOe 0ceeuleHie Kpbimol naowadu u 6osee nooxodsm, kozda Ha 0OHOM KoHue mpebyemcs
Gonvuiee ysenuuerue. EcmecmeeHHo, KOHOUAanbHblE 060N04KU NONL3YIOMCS OONLUUM UHIMEPECOM
Y uHceHepos u uccredosameneli ¢ cemudecameix 20008 0gadyamozo cmonemus. B dannoi pabome
U3YUeHbI CIAMUecKue Xapaxmepucmuxi ynpouHeHHol KOHoUdansHou o6onouxy. [ins cmamu4eckozo
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Overview of literature

The reason of a shell form having high strength
with small thickness can be attributed to the coupling
of in-plane thrusts and bending of its surface under
external superimposed load. A conoid is generated
by a variable straight line moving parallel to a
plane-known as the director plane-with one of its
ends on a plane curve and the other on a straight
line. Depending on the arrangement of stiffeners
with respect to the shell midsurface the disposition
can be classified as concentric or eccentric. The
stiffeners disposition is concentric if the centroid of
the stiffener cross section coincides with the shell
midsurface and is eccentric if the stiffener centroid

remains above or below the shell mid-surface. From
structural aspect the concrete conoidal shell roofs
are advantageous as these are singly ruled and
hence are easy to cast. The doubly curved conoidal
shells are architecturally appealing and therefore
preferred to cover large column-free spaces in
many industrial applications like airport lobbies,
automobile manufacturing and repairing yards and
so on. Conoidal shells are efficient in admitting
natural light and ventilation. These shells need to be
stiffened to achieve greater strength-to-weight ratio.

The use of stiffened structural elements started in
the nineteenth century perhaps, first being Howland
and Beed (1940) tested cylindrical shells stiffened
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Figure 1: Orientation of the Shell in the Global Cartesian
coordinate system.

Z= 4[/11 +(hh — hl)

where

a, b — Length and width of shell in plan

X, Y,Z — global coordinate axes

h, h,— Shell thickness and stiffener thickness respectively
hh, hl — higher and lower heights of conoid respectively

y2

bb2

orthogonally by equally spaced stringers and rings subjected to
internal pressure. Soare (1959) [1], Ramaswamy (1961), Rao
(1961), Bhise et al (1962), developed the membrane theory to
find the stress resultants of various types of conoidal shells with
different loading and boundary conditions [2].

They also attempted gradual simplifications of the theoretical
formulations. Hadid (1964) used a variation method to study
the bending characteristics of elastic conoids and analyzed both
simply supported and clamped conoids using an integral equation
technique. Choi (1984) modified the quadratic isoparametric
element with the help of four extra non-conforming displacement
modes added only to transverse displacements for analyzing
thin shells. The extra modes were finally condensed out. Choi
used this element for analyzing conoidal shell problems solved
earlier by Hadid (1964). Ghosh and Bandyopadhyay (1989)
reported a detailed static analysis of isotropic conoidal shells
giving results of deflections, forces and moments. They used
an eight noded isoparametric doubly curved shallow shell
finite element in their analysis. Most of the latest literatures
(A.N. Nayak & J.N. Bandyopadhyay, 2006), S. Kumari &
D. Chakravorty (2010) have dealt with static characteristics
of clamped stiffened conoidal shell for different number and
orientation of stiffeners. Suman Kumari & D. Chakravorty
(2011) have considered eight noded isoparametric shell element
for analyzing the bending behaviour of delaminated composites
conoidal shells under uniformly distributed load with various
practical boundary conditions. In this paper a static analysis
of stiffened conoidal shell subjected to concentrated load has
been presented by using finite element method.

Mathematical formulation

For this mathematical formulation eight noded quadratic
isoparametric shell element & a three noded curved beam
element is used for solution by finite element method. In the
present analysis the surface of stiffened shell is discretized into
a number of finite elements, which is further considered as
a combination of shell and beam elements. Formulation of
the general curved shell element, having all the three radii of
curvature Rx, Ry and Rxy using eight noded isoparametric
quadratic elements, is derived. The stiffeners are modeled as
three noded curved beam elements having the same set of
displacement functions as that of the shell excluding the one
across the stiffener longitudinal axis. Appropriate combinations
of the element matrices of the shell and the beam elements
results in the overall element matrices of the stiffened shell
element are presented.

Figure 2: Eight nodded curved Quadratic element

Shell element

A doubly curved thin shallow shell of uniform thickness
made of homogenous isotropic linearly

Elastic material is considered. The orientation of the shell
in the global Cartesian coordinate system is show in Figure 1.
The shell surface is discretized by curved quadratic elements,
which are rectangles in plan. These rectangles are modeled as
eight noded doubly curved isoparametric elements having four
corner and four midside nodes Figure 2. The natural coordinate
system of £ and n of the isoparametric element, which is
connected to the Cartesian coordinate system through the
Jacobian matrix [3].

Shape functions

For an isoparametric element the coordinates and
displacements at any point within the element are represented
by the coordinates and displacements of the nodes of the
element and the shape functions. These are derived from an
interpolation polynomial [4]. The interpolation polynomial is
a function of £and ) and has the following from.

u(gn) = Ag + A+ A+ As£? + A+ Asn® +
+An+ Am? (6]
where

A, A; — Constants of displacement polynomial

¢,m — Local natural coordinates of an element
The shape functions derived from the interpolation
polynomial are as [5], [7].

N Z<1+&€ )(1+Tm,)(§§1+ﬂn1*1) i:1’253’4
1
N, ? 1+¢€, (1+n) i=57
N =301 ) (1+€7) i=68 (2
where

N, denotes the shapes function at i
coordinates £€ ; and nn;.

The coordinates of any point (x, y) within the element are
obtained as

x=> Nyx;andy=> Ny,

Where x; and y; are the coordinates of the i *

node having natural

node.

Generalized displacement fields and nodal degrees
of freedom

A shell surface is modeled by three-dimensional solid
elements. The thickness is considerably smaller than the other
dimensions and the nodes along the thickness direction need
additional degrees of freedom and hence are not preferred [6].
When a two-dimensional element is obtained by condensing
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the thickness direction nodes, the displacements of adjacent
thickness direction nodes must be ensured to be equal to avoid
numerical difficulties. Thus five degrees of freedom including
three translations (&, v, w) and two rotations («, 3) are attached
to each node. The final element has midsurface nodes only and
a line in the thickness direction remains straight but not
necessarily normal to the mid surface after deformations. The
generalized displacements at any point within the element can
be interpolated from the nodal values as

u N; u;
v N; Vi
o} ={wi =21, N, wit @
Q N; o
8 N,‘ Bi
Equation (4) can be written in a compact form
{o} =[N|{d.} 5)

where

u,v,w displacements along x, y and z axes respectively

o, 3 Rotations vectorially along y and x axes respectively
{d,} Vector containing element nodal displacements and
rotations

Strain-displacement equations

According to the modified Sanders’ first approximation
theory for thin shells (Sanders, 1959) [2], the strain-
displacement relationships are established as

{e} = [Bl{d.}

where

(6)

{e} = strain matrix
[B] =strain-displacement matrix and
{d,} =nodal displacement vector

Force-strain relationships
The force and moment resultants are obtained from the
stresses as

NX X
N, Oy
ny Ty
M, h/2 | 0,2
{Fe}_ My _f—h/Z Uyz dZ (7)
Mxy Ty?
Qx sz
0, Tyz

where o, and o, are the normal stresses along X and Y
directions, respectively and 7 ., 7 . and T , are shear stresses
in XY, XZ and YZ planes, respectively [8], [9]. The thickness
of the shell is denoted by h. The force-strain relation can be
further derived from the stress-strain relations and finally can
be presented as

{F}=[D{e}

where
[ D] Elasticity matrix of shell element

®)

Stiffener element

An isoparametric curved three-node beam element is chosen
with two end nodes and one middle node to model the stiffeners
[10]. The beam elements are oriented in natural coordinate
system along ¢ or n parallel to the global X or Y axes
respectively, as shown in Figure 3 & Figure 4.
n

-

SRERE ‘

3

4]

Figure 3: X-stiffener Figure 4: Y-Stiffener

In the beam elements [11], each node has four degrees of
freedom, ™, v**, o™ and 3* for x directional stiffeners and
u?,v¥ o and B*¥ for y-directional stiffeners. The shape
function, strain-displacement equation, and force strain relation
of stiffener element has been derived as in case of shell element
considering four degrees of freedom.

Compatibility
In order to maintain compatibility between the shell and
beam elements, the stiffener nodal degrees of freedom have to
be transformed to shell degrees of freedom considering the
eccentricity and curvature of the stiffener. Considering the effect
of eccentricity and curvature the axial displacement of any point
in the midsurface of the x-stiffener 4™ can be expressed in
terms of the axial displacement « of a point in the midsurface
of the shell as [12]
u™ =u +ea

©

c
1+ =
+R

X

Or in compact form

)= 7]

Formulating static problem
The expression for static equilibrium can be stated as
Klfd)=fo} .
The above equation is solved by the Gauss elimination
technique and from the global nodal displacement vector {d'}
thus obtained, the element displacement vector {d, } is known

[6].

Effect of stiffener eccentricity

The eccentricity is designated as negative or positive
depending on whether the stiffener lies below or above the
shell surface respectively. The eccentricity is zero when the mid
surfaces of the shell and the stiffener coincide. It is observed
that shells with positive or negative eccentricity exhibit almost
equal values of all shell actions and hence a designer has the
flexibility of providing the stiffeners above or below the shell
surface being governed by functional requirements only [7].

Eccentrically stiffened shells are better than concentrically
stiffened including the transverse deflection and the moments
which normally govern the shell depth. However, for

compressive in-plane forces and tensile, the shell with% =0

X
TC e

exhibits a better performance. The major in-plane compressive
force which also has a role in determining the shell depth shows

e . . .
the lowest value for — = 0. It is also extremely interesting to

note that the points of occurrences of the critical shell actions
are identical whether eccentricity is positive, negative or zero
in almost all cases. The few exceptions to this general trend are
noted for tensile and hogging moments for concentrically
stiffened shells only.
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Figure 5: Conoidal shell with eccentric stiffeners
(negative eccentricity)

y »?

b b’
Figure 6: Conoidal shell with eccentric stiffeners
(Positive eccentricity)

z= 4|h1 + (hh—h1)~
a

Conclusions

The mathematical formulation as per Sanders’ shallow
shell theory applied here for conoidal shell can be confidently
recommended to analyze static characteristics of stiffened ruled
surfaces. The curved stiffeners along y-direction are more
efficient in reducing the deflections of conoids compared to
the straight ones along x-direction. For bare and x-stiffened
shells the clamped edge gives much lesser deflections than the
simply supported edge. When stiffeners are provided along
y-direction or both directions the deflections of clamped and
simply supported shells come relatively closer. Eccentrically
stiffened shells are found to be better choices than the
concentrically stiffened ones and whether the eccentricity
of stiffeners is positive or negative matters very little. The
relative performance matrices will provide a rational approach
to select a particular shell option from many possibilities, a
decision often a practicing engineer has to make. These papers
are presented to serve as important design aids to practical
engineers.
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